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Designing and fabricating self-assembled open colloidal crystals have become one major direction
in soft matter community because of many promising applications associated with open colloidal
crystals. However, most of the self-assembled crystals found in experiments are not open but close-
packed. Here by using computer simulation, we systematically investigate the self-assembly of
oppositely charged colloidal hard spheres confined between two parallel hard walls, and we find that
the confinement can stabilize multi-layer NaCl-like (simple cubic) open crystals. The maximal layers
of stable NaCl-like crystal increases with decreasing the inverse screening length. More interestingly,
at finite low temperature, the large vibrational entropy can stabilize some multi-layer NaCl-like crys-
tals against the most energetically favoured close-packed crystals. In the parameter range studied,
we find upto 4-layer NaCl-like crystal to be stable in confinement. Our photonic calculation shows
that the inverse 4-layer NaCl-like crystal can already reproduce the large photonic band gaps of
the bulk simple cubic crystal, which open at low frequency range with low dielectric contrast. This
suggests new possibilities of using confined colloidal systems to fabricate open crystalline materials
with novel photonic properties.
INTRODUCTION
One of the major goals in colloidal self-assembly is to
devise new colloidal systems to self-assemble into low-
density open crystalline structures [1–7], which are par-
tially due to their promising applications in photon-
ics [8], catalysis, porous media [9] and the special re-
sponse to mechanical stress [10–12]. However, dated back
to Maxwell, it has been proven that to maintain the
mechanical stability, the coordination number of parti-
cles connected by central force bonds in periodic lattices
must be larger than 2d in d dimensions [13]. Therefore,
available methods for fabricating open colloidal crystals
typically involve patterning the surface of colloidal parti-
cle forming anisotropic patchy particles with directional
interactions [4, 5, 7, 14–19]. It was also found that
the vibrational entropy in the crystal formed by patchy
particles stabilizes the low-density open crystal against
the close-packed crystalline structures with the same en-
ergy [20, 21]. However, making high quality monodis-
perse patchy colloids with well defined patches, which
can self-assemble into open crystals, has been challeng-
ing in experiments [4, 16, 22–26].
In past decades, a significant amount of scientific at-
tention has been devoted into the self-assembly of col-
loidal systems in confinement, which has become a gen-
eral way of tuning colloidal self-assembly [27–40]. How-
ever, most of colloidal crystals found in confinement are
close-packed. Here by using computer simulation, we in-
vestigate the self-assembly of oppositely charged colloidal
hard spheres confined between two parallel hard walls.
Compared to the self-assembly of oppositely charged col-
loids in 3D systems [41, 42], we find the existence of sta-
ble multi-layer NaCl-like (simple cubic) crystals, of which
the square plane is parallel to the confining walls. The
maximal number of layers for stable NaCl-like crystal
at the ground state increases with decreasing the inverse
screening length, and the vibrational entropy at finite low
temperature also help to stabilize the open multi-layer
NaCl-like crystal against the energetically most favoured
close-packed crystals.
METHODOLOGY
Model
We consider a system of N colloidal spheres of a diam-
eter σ confined between two parallel hard walls in z di-
rection, half of which carry a positive charge Ze, and the
other half a negative charge −Ze. The wall-wall separa-
tion is h, as shown in Fig. 1a. We employ the Derjaguin-
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FIG. 1: (a) Illustration of oppositely charged particles (red or
blue spheres) with diameter σ confined between parallel hard
walls with separation h. (b-d) Unit cells of ground states: NaCl
(b), CsCl (c) and CuAu (d) crystals of the confined systems,
where the shadow plane is parallel to the confining walls.
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FIG. 2: Phase diagrams in the representation of η versus T ∗ for oppositely charged colloids confined between parallel hard walls with
various separation h/σ=1 (a), 2.3 (b), and 4.3 (c), where κ=3σ−1. (d) The ground-state phase diagram for confined systems of
oppositely charged colloids in the representation of h/σ versus κσ at T ∗=0.
Landau-Verwey-Overbeek screened Coulomb pair poten-
tial [43] to model the interaction between charged colloids
i and j
U(rij)
kBT
=
{
± Z2(1+κσ/2)2 λBσ e
−κ(r−σ)
r/σ r>σ
∞ r<σ , (1)
where rij is the center-to-center distance between two
particles, and λB=e
2/skBT is the Bjerrum length with
s the dielectric constant of the solvent. kB and T are the
Boltzmann constant and the temperature of the solvent,
respectively. κ=
√
8piλBρsalt is the inverse Debye screen-
ing length with ρsalt the salt concentration. Here we fo-
cus on systems with κ≥3σ−1, in which the pair potential
in Eq. 1 was shown being a good approximation for mod-
elling the screened Coulomb interaction in the system,
and the multi-body effect is negligible [44]. We define
the packing fraction of the system as η=piσ3N/(6Ah)
with A the area of the system in x−y plane, and the
reduced temperature T ∗=(1+κσ)2σ/Z2λB , i.e., the in-
verse of the contact value of the potential in Eq. 1. We
assume that the confining walls are neutral and the in-
teraction between particle i and the confining walls is
dominated by the excluded volume effect
Uwall(ri)=
{
0 ri>σ/2
∞ ri<σ/2
, (2)
where ri is the distance of particle i to the nearest wall
in z direction.
Free energy calculation
Fluid phase
We employ standard NPT Monte Carlo simulation to
obtain the equation of state (EOS) for the fluid phase,
and we determine the free energy by integrating the EOS
from the reference density ρ0 to ρ:
F (ρ)
N
=
F (ρ0)
N
+
∫ ρ
ρ0
P (ρ′)
ρ′2
dρ′, (3)
where F (ρ0)/N=µ(ρ0)−P (ρ0)/ρ0 is the Helmholtz free
energy per particle at density ρ0, and the chemical po-
tential µ(ρ0) is determined by the Widom’s insertion
method [45].
3Crystal phases in confinement
For calculating the free energy of a crystal, we use the
Einstein integration method [46]. The Helmholtz free
energy F of a crystal confined between two parallel walls
is
F (N,V,T )=FEinst(N,V,T )
−
∫ λmax
0
dλ
〈
∂UEinst(λ)
∂λ
〉
γmax,1/T∗max
+
∫ 1/T∗
0
d(1/T ∗)
〈
∂
∑
i6=jU(rij)
∂(1/T ∗)
〉
γmax,λmax
+
∫ γmax
0
dγ
〈
∂
[∑
i6=j ϕ(i, j)+
∑
iψ(i)
]
∂γ
〉
1/T∗=0,λmax
,(4)
where FEinst is the free energy of the ideal Einstein crys-
tal. ϕ(i, j) and ψ(i) are the softness potentials between
particle i and j and the nearest wall, respectively:
ϕ(i, j)
kBT
=
{
γ[1−A(1+ζ(i, j))] ζ(i, j)<0
0 otherwise
(5)
and
ψ(i)
kBT
=
{
γ[1−A(1+ζ(i))] ζ(i)<0
0 otherwise
(6)
where ζ(i, j) and ζ(i) are the surface distances between
particle i and j and between particle i and its near-
est wall, respectively, and they are negative when over-
lapped. γ is the integration parameter with A=0.9 [27].
Here we choose to use γmax=150 to guarantee the hard-
core interaction is reproduced at γmax. UEinst(λ) is a har-
monic potential to fix the particles onto a perfect crystal
lattice:
UEinst(λ)=λ
∑
i
(ri−ri,0)2/σ2, (7)
where ri and ri,0 are the position of particle i and its
corresponding position in a perfect lattice, respectively. λ
is the integration parameter, and we choose λmax=2000.
At h/σ=1, the crystal is exactly in 2D, and the free
energy for the ideal Einstein crystal in 2D is [47]
FEinst(N,V,T )
NkBT
=−N−1
N
ln
(
pi
λmax
)
− lnAσ
2
N
. (8)
For h/σ>1, the reference ideal Einstein crystal is in 3D,
of which the free energy is [48]
FEinst(N,V,T )
NkBT
=−3(N−1)
2N
ln
(
pi
λmax
)
+
lnρσ3
N
− 3lnN
2N
.
(9)
For calculating the integrations in Eq. 4, we use the 20-
point Gaussian Quadrature integration method. We have
ensured that error in the calculated free energy is smaller
than 0.01kBT per particle.
RESULTS
Phase diagram
We first investigate the phase behaviour of the sys-
tem with κ=3σ−1 for different h. We perform floppy
box Monte Carlo (MC) simulations with the potential
in Eq. 1 and 2 in isothermal-isobaric ensemble and pe-
riodic boundary conditions in x and y directions [49],
in which the screened Coulomb potential is truncated
at rcut=3.5σ. By quenching the simulation to T
∗→0
at various h, we find three candidate ground states as
shown in Fig. 1b-d. When T ∗→0, at low pressure,
the system may form NaCl-like (simple cubic) struc-
tures confined between two walls, and with increasing
pressure P , it switches to be confined CsCl-like (body-
center-cubic) structures and CuAu-like (face-centered-
cubic) structures at high density. With these candi-
date crystal structures, we employ the Einstein integra-
tion method [46] combined with thermodynamic integra-
tions to calculate the free energy of crystals in confine-
ment [27, 45]. We compare the free energy of crystals
with those of the fluid phase obtained from Widom in-
sertion method [50] to construct the phase diagrams of
the system at h/σ=1,2.3 and 4.3 as shown in Fig. 2a-c.
When h/σ=1, the confined system is exactly in 2D.
As shown in Fig. 2a, at the low density limit, because of
entropy, the stable phase is always a disordered fluid.
With increasing the density, crystals form. At large
T ∗, the fluid crystallizes into a hexagonal crystal with
disordered particle charges, and when decreasing T ∗, a
few charge-ordered crystals appear in the phase diagram.
For T ∗.0.4, an ordered binary square crystal nucleates
from the fluid at low pressure, and with increasing pres-
sure, the high density charge-ordered hexagonal crystal
emerges. The stability of the square crystal persists to
T ∗→0, as the square crystal is the energetically most
favoured crystal of the system in 2D. Similar behaviour
of the system at h/σ=2.3 is shown in Fig. 2b, in which
a 2-layer NaCl-like crystal is more stable than the high
density 2-layer CsCl-like crystal at T ∗→0 because of the
fact that the low density crystal is more energetically
favoured. It is known that in 3D systems of oppositely
charged colloids, CsCl is more stable than NaCl [41],
which suggests that at large enough h, the stable multi-
layer NaCl should disappear. Therefore, we calculate
the phase diagram for the confined system of oppositely
charged colloids with h/σ=4.3 in Fig. 2c. One can see
that the stability of 4-layer NaCl crystal at T ∗→0 disap-
pears, while the stable co-existence of 4-layer NaCl crys-
tal with low density fluid still exists in the low tempera-
ture range 0.05.T ∗.0.2.
In Fig. 2d, we calculate the ground-state phase dia-
gram for confined systems of oppositely charged colloids,
and one can see that for κ=3σ−1, when h/σ&3.5, the
4FIG. 3: The entropy difference
∆S/NkB=(S4L−NaCl−S5L−CsCl)/NkB and the enthalpy
difference ∆H/NkBT =(H4L−NaCl−H5L−CsCl)/NkBT as
functions of T ∗ at the pressure where the fluid becomes unstable
in the confined oppositely charged colloids with κ=3σ−1 and
h=4.3σ. Here S4L−NaCl(5L−CsCl) and H4L−NaCl(5L−CsCl) are
the entropy and enthalpy of 4-layer NaCl-like (5-layer CsCl-like)
crystal, respectively.
multi-layer NaCl-like crystals becomes unstable with re-
spect to the multi-layer CsCl-like crystals, and the maxi-
mal stable layers of NaCl-like crystals at the ground state
is 3, which decreases with increasing κ. This agrees with
our phase diagram in Fig. 2c, in which the stable 4-layer
NaCl-like crystal disappears at T ∗→0. In Fig. 3, to
understand the stability of 4-layer NaCl-like crystal at
low temperature, we plot the entropy ∆S/NkB and en-
thalpy ∆H/NkBT differences between 4-layer NaCl-like
and 5-layer CsCl-like crystals in the confined system with
h/σ=4.3 at the pressure where the fluid becomes unsta-
ble for various T ∗. Here the 5-layer CsCl-like crystal is
the stable ground-state phase. One can see that for the
entire range of 0<T ∗≤0.2, ∆S and ∆H are always pos-
itive. This implies that vibrational entropy in the con-
fined NaCl-like crystal is larger than that in the confined
CsCl-like crystal, which is enthalpically more favoured.
Depending on the sign of the Gibbs free energy differ-
ence between the two crystals, i.e. ∆G=∆H−∆ST , one
can identify the stable phase. At T ∗→0, the enthalpy
determines the stability ∆G>0, i.e. ∆H>∆ST , and
the first crystal nucleating from the low density fluid is
the CsCl-like crystal. However, when T ∗&0.05, ∆G<0,
i.e. ∆H<∆ST , which implies that the large vibrational
entropy stabilizes the NaCl-like crystals against the en-
thalpically favoured CsCl-like crystal. This explains the
stability of 4-layer NaCl-like crystal at finite low T ∗ in
Fig. 2c, which is essentially an entropically stabilized
low temperature solid phase of open crystalline struc-
ture. This effect is similar to the entropy stabilized open
crystals of patchy colloids [20, 21].
Next we calculate the low temperature phase diagrams
at T ∗=0.1 for oppositely charged colloids confined be-
tween two parallel hard walls of different separation h
for various κ. As shown in Fig. 4, at high density the
stable phase always has the body-center-cubic (BCC),
i.e., CsCl, face-center-cubic (FCC), i.e. CuAu, or multi-
layer rhombic symmetry, which agrees with the phase
behaviour of confined hard spheres at high pressure [27].
When decreasing the density of system, different low den-
sity phases appear in the phase diagrams in Fig. 4. One
can see that when κ=3σ−1, with increasing h/σ from
about 2 to 4.5, the low density crystal phase always has
the simple cubic symmetry, and the number of layers de-
pends on the confinement height h, in which the maximal
layers of stale simple cubic (NaCl) crystals at T ∗=0.1
and κ=3σ−1 is four. As shown in Fig. 3b and c, the
maximal layers of simple cubic crystals decreases with in-
creasing κ, which agrees qualitatively with the confined
system at ground state (Fig. 2d). However, because of
the effect of vibrational entropy, the maximal layers of
stable simple cubic (NaCl) crystal at finite low tempera-
ture could be larger than that at the ground state.
Photonic bandgaps of multi-layer simple cubic
crystals
Furthermore, we investigate the photonic property of
obtained multi-layer simple cubic crystals. We first con-
struct an inverse multi-layer simple cubic crystal, in
which the spherical air bubbles of diameter σ form a
multi-layer simple cubic crystal with the lattice constant
a/σ=5/6. Experimentally, these inverse crystals can be
obtained by selectively removing the colloidal particles
after infiltrating the space between colloids using materi-
als with the dielectric contrast r, in which the colloidal
spheres are slightly overlapped, by sintering the particles
in the crystal [52]. We perform optical simulations with
a normal incident light source on one side of the confined
crystal. One can obtain the distribution of magnetic field
H(r, t)=H(r)eiωt by numerically solving the simplified
Maxwell equation in the frequency domain with the Flo-
quet periodic boundary conditions in x−y directions [53]
∇×
[
1
(r)
∇×H(r)
]
=
(ω
c
)2
H(r), (10)
where c and ω are the speed and frequency of light, re-
spectively. The resulting H(r) for inverse multi-layer
simple cubic crystals with a/σ=5/6, ωa/2pic=0.392, and
r=6 is shown in Fig. 5a. With this, we calculate the
transmittance of light with different frequency through
the crystal by constructing perfectly matched layers [54]
on the top and bottom of the simulation box to absorb
the excess reflected and transmitted light. The obtained
transmission spectra of multi-layer inverse simple cubic
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FIG. 4: Low temperature phase diagrams at T ∗=0.1 for confined oppositely charged colloids in the representation of h/σ versus η with
various inversed screening length κσ=3 (a), 4 (b) and 6 (c).
FIG. 5: (a) Side view of optical simulation of normal incident lights with the frequency ωa/2pic=0.392 upon an inverse 1-, 2-, 3-, and
4-layer simple cubic crystal of a/σ=5/6 with σ and a the size of spherical bubble and the lattice constant of the crystal, respectively.
The source incident light propagates from top to bottom, and the dielectric contrast for the inverse simple crystal is r=6 with c the
speed of light. The color represents the intensity of the magnetic field (A/m). (b) Transmission spectra of inverse 4-layer (red), 3-layer
(blue), 2-Layers (green) and mono-layer (purple) simple cubic crystals planar lights at a/σ=5/6 and r=6.0. (c) The band structure
along Γ−X direction, i.e., the direction perpendicular to the square plane, in the inverse simple cubic crystals with a/σ=5/6 and
r=6.0. Inset: the Brillouin zone of the simple cubic crystal [51].
crystal with r=6 is shown in Fig. 5b. Compared with
the corresponding band structure of the bulk simple cu-
bic crystal in Γ−X direction (Fig. 5c), i.e. the direction
perpendicular to the confining plane [55], with increasing
the number of layers, the transmittance forbidden region
approaches the band gap in the bulk simple cubic crystal,
and the 4-layer simple cubic crystal can already almost
reproduce the photonic band gap in the bulk crystal. In
Fig. 6, we plot the heat map of the transmittance for 4-
layer simple cubic crystal in the representation of ωa/2pic
versus r. Compared with the band gap obtained in the
bulk simple cubic crystal in Γ−X direction, one can see
that the transmittance forbidden region for the 4-layer
simple cubic crystal persists to the low dielectric contrast
r'4 close to the photonic band gap of the correspond-
ing bulk crystal. For comparison, we also calculate the
band gaps for bulk CsCl (BCC) and CuAu (FCC) crys-
tals in the direction perpendicular to the confinement in
Fig. 5c. Compared to the band gaps of FCC and BCC
crystals, the band gaps for multi-layer simple cubic crys-
tals are much larger and open at low frequency range,
i.e., 0.2≤ωa/2pic≤0.5, suggesting that they are robust
against disorder [56].
6FIG. 6: Heat map of transmittance for the 4-layer simple cubic
crystal in the representation of ωa/2pic versus r at a/σ=5/6.
Solid lines enclose the photonic bandgap regions of the bulk
simple cubic, FCC and BCC crystals in the direction
perpendicular to the confining walls, i.e., the shadow planes in
Fig. 1b-d.
CONCLUSIONS
To conclude, by using computer simulation, we have
investigated the self-assembly of oppositely charged col-
loids confined in two parallel hard walls, in which we
found stable multi-layer simple cubic crystals. With de-
creasing the inverse screening length κ, the number of
layers of stable confined simple cubic crystals increases,
and with κ=3σ−1, at low temperature, one can stabi-
lize upto 4-layer simple cubic crystal, of which the in-
verse structure has large photonic band gaps open at low
frequency with the dielectric contrast as low as r'4.
This suggests new possibilities of fabricating photonic
devices using low dielectric contrast materials like TiO2
(r'6.8), SiC (r'7.3), ZnS (r'5.6), GaN (r'5.8),
ZnO (r'5.8), silica (r'3.9), etc., which were difficult
for conventional colloidal self-assembly methods. There-
fore, the kinetic pathway of phase transitions, i.e. nucle-
ation and melting, of these confined open crystals may
be interesting for future investigation.
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